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A B S T R A C T   

The development of emerging technologies, such as quantum computing and semiconductor electronics, em-
phasizes the growing significance of thermal management at cryogenic temperatures. Herein, by designing 
isotope interfaces based on the Golomb ruler, we achieved effective suppression of the phonon thermal transport 
of cryogenic graphene. The pronounced disordering of the Golomb ruler sequence results in the stronger sup-
pression of thermal transport compared to other sequences with the same isotope doping ratio. We demonstrated 
that the Golomb ruler-based isotope interfaces have strong scattering and confinement effects on phonon 
transport via extensive molecular dynamics simulations combined with wave packet analysis, with a proper 
correction for the missing quantum statistics. This work provides a new stream for the design of thermal 
transport suppression under cryogenic conditions and is expected to expand to other fields.   

1. Introduction 

Driven by strong impetus, the need for thermal management at 
cryogenic temperatures is rapidly emerging in several fields [1,2] 
including quantum computing, quantum communication, life sciences, 
etc. The accuracy and long-term stability of qubits, information units in 
quantum computers, necessitate an environment of cryogenic temper-
atures to ensure their reliability [1]. In the field of life sciences, cryo-
preservation technology at cryogenic temperatures holds great 
significance for safeguarding biological diversity and advancing the 
frontiers of genetic medicine [3]. Moreover, running semiconductor 
electronics specifically designed for and operated at cryogenic temper-
atures is expected to produce more efficient systems compared to room 
temperature (RT) operation, which benefits from better electronics and 
thermal properties [4,2]. Due to many-body interactions and thermal 
excitations, many quantum effects cannot be observed in the macro-
scopic world. However, as the temperature gradually decreases, those 
quantum and condensation phenomena masked by thermal excitations 

will emerge bit by bit. For instance, when the temperature is slightly 
lower than 4.2 K, the electric resistance of mercury suddenly disappears, 
showing superconductivity [5]. Therefore, exploring cryogenic ther-
mophysics promises to achieve more effective and reliable thermal 
management. 

Following the successful preparation of graphene, a large number of 
two-dimensional (2D) materials have been developed one after another, 
demonstrating sustained high-level innovation vitality [6–8]. The vast 
available data and high-performance device demonstrations are indic-
ative of the potential of 2D materials for applications in electronics [9, 
10], thermoelectronics [11–14], and sensing [15,16]. They have 
attracted a lot of attention from the scientific community and industry in 
the field of thermal management, from basic theoretical research to 
applications. This includes, but is not limited to, research on phonon 
hydrodynamic transport phenomena [17–19], modulation of thermal 
properties by interface and strain engineering [20,21], exploration of 
thermal functionality, for example, rectification effects [22]. Reducing 
the thermal conductivity of materials has long been a topic of 
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widespread attention and discussion [12,23,24], and this holds true 
even under cryogenic temperatures. It plays a pivotal role in sustaining 
low-temperature states within cryogenic equipment and super-
conducting applications, thereby augmenting their performance and 
stability. 

It should be noted that experimental measurement of the thermo-
physical properties of independently suspended 2D materials has always 
been a thorny topic. Fortunately, first-principles calculations and mo-
lecular dynamics (MD) simulations provide good solutions for predicting 
the physical properties of materials [25]. However, the former is limited 
by high computational costs and is difficult to evaluate for large-scale 
systems. Due to the statistical overestimation of the heat capacity of 
solids at cryogenic temperatures where quantum effects are significant 
[26,27], general MD simulations are also limited to the medium-to-high 
temperature range. Previous researches tend to focus on room temper-
ature and above, which is the temperature range of interest for tradi-
tional electronic devices. Understanding the modulation of thermal 
transport properties in 2D materials at cryogenic temperatures remains 
relatively unexplored. 

In this work, inspired by the Golomb ruler sequence, graphene 
nanoribbons containing linear isotope interfaces were constructed and 
efficient suppression of phonon thermal transport was achieved at a 
cryogenic temperature of 20 K. Compared with other sequences such as 
Equidistant and Fibonacci, the extremely strong disordering of the 
Golomb ruler sequence makes the isotope interfaces have a stronger 
scattering and confinement effect on the phonon transport. The isotope 
interfaces arranged according to the Golomb ruler sequence greatly 
impede the phonon transport over a wide spectral range. Through 
phonon analysis of a pair of systems, based on a Golomb ruler and an 
equidistant structure, the results indicated that the difference in the 
phonon mean free path (MFP) of low-frequency out-of-plane phonons is 
a crucial factor for the difference in thermal conductivity. This effect is 
notably pronounced at cryogenic temperatures where phonon energies 
are lower, otherwise, higher phonon energies render phonon transport 
less sensitive to differences in isotopic interface positions. Furthermore, 
the isotope interface density and doping ratio have no significant impact 
on thermal conductivity at cryogenic temperatures. Hence, this study 
provides valuable insights into cryogenic thermal management and is 
expected to inspire extensive theoretical research and practical micro- 

nano applications. 

2. Model and methods 

In mathematics, a Golomb ruler is defined as a collection of marks 
positioned at integer locations along a ruler, ensuring that no two pairs 
of marks share identical distances [28,29]. The number of marks on the 
ruler is its order, and the largest distance between two marks is its 
length. The schematic diagram of the 9th-order Golomb ruler with a 
length of 44 is shown in Fig. 1, in which the circular display mode is used 
to save space. On the basis of this configuration, treating the graphene 
nanoribbon as a ruler and building the interfaces at Golomb ruler marks 
can obtain the interface-containing graphene based on Golomb ruler 
sequences. 

In graphene, isotope doping is usually regarded as an effective means 
of thermal performance modulation, which is effective in enhancing 
local phonon scattering and reducing system harmonicity [30,31,32]. In 
contrast to grain boundary phonon scattering [33], which results from 
direct phonon scattering caused by discontinuities in the lattice struc-
ture, isotope scattering is caused by changes in local lattice vibration 
modes due to the difference in isotope mass. Generally speaking, the 
latter has less influence on the phonon free path and can be artificially 
adjusted through distribution and concentration of isotopes [34]. There 
are two stable isotopes for carbon: 12C and 13C, with a natural abun-
dance of 98.9 % and 1.06 % respectively [35]. We designed a graphene 
model with 13C isotope linear interfaces based on the 9th-order Golomb 
ruler sequence (Fig. 1(b) upper). For one thing, previous research has 
verified that the higher-order Golomb ruler sequence has a more sig-
nificant suppression effect on thermal transport [36]; for another, unlike 
other orders, there is only one case for an optimal sequence of the ninth 
order, and the computational cost is not particularly high. In terms of 
comprehensive effectiveness and cost, we selected the ninth-order 
Golomb ruler as the only research object in the current study. 

For comparison purposes, a graphene model with equidistant in-
terfaces (Fig. 1(b) bottom) was also constructed. The only distinction 
between them lies in the distances between the interfaces. They 
constitute a pair of ideal systems for studying the effect of interface lo-
cations on phonon thermal transport. Here are two adjustable structural 
variables: the interface density and the isotope doping ratio. We define 

Fig. 1. Schematic diagram of graphene with isotope interfaces. (a) The optimal circular Golomb ruler of the ninth order. The red annulus in the center is obtained by 
curling the Golomb ruler to occupy less display space, and the blue spacer bars in it are the scales of the Golomb ruler. The numbers in different colors represent the 
spacing between every 2 bars, which are all different. (b) Schematic diagram of isotope interface graphene optimized by the ninth order Golomb ruler, and the 
equidistant one with the same interface density. 
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the unit length in the Golomb ruler as the basic unit of structural length, 
and its physical length is an integer multiple of the lattice length of a 
complete hexagonal ring. Furthermore, by adjusting this multiple, 
models with different interface densities can be obtained, where the 
interface density is defined as number of interfaces per unit length and 
calculated by the ratio of the number of interfaces to the length of the 
model. The latter is quantified mainly by controlling the number of 
13C–13C bonds at the interface. The isotope doping ratio is specifically 
defined as the ratio of the total number of 13C atoms to the total number 
of atoms in the system. We used homogeneous non-equilibrium molec-
ular dynamics (HNEMD) [37,38], non-equilibrium molecular dynamics 
(NEMD) [39] and related spectral decomposition methods [38,40,41] as 
implemented in graphics processing units molecular dynamics 
(GPUMD) [42]. 

Specifically, HNEMD method simulates the effect of thermal gradi-
ents by applying a suitable virtual force field to the system along a fixed 
direction and achieves the calculation of thermal conductivity through 
the linear response of the virial heat flux vector with respect to the heat 
flow vector. Combining it with the Green-Kubo relation [43,44] gives 
the following results for the running thermal conductivity: 

κ(t) =
1

kBT2V

∫ t

0
〈Q→(tʹ)Q→(0) 〉dtʹ =

〈Q→(t)〉ne

TVFe
(1) 

The Fe denotes the modulus of the driving force vector, the measure 
of which is the reciprocal of the length. It is fundamental for the system 
to achieve a perfectly linear response with a sufficiently large signal-to- 
noise ratio to give satisfactory results. Moreover, by incorporating the 
virial velocity correlation function within a non-equilibrium steady state 
framework, it becomes possible to perform the spectral decomposition 
of heat current, thereby facilitating the spectral decomposition of ther-
mal conductivity κ(ω) (HNEMD) and thermal conductance G(ω) 
(NEMD). The former corresponds to the transport coefficients for infinite 
systems, while the latter targets the quasi-ballistic transport phase for 
finite systems. The combination of the two and extrapolation enables the 
prediction of length-dependent thermal conductivity results. 

Further, the effect of possible phonon localization effects on thermal 
transport is also considered by calculating phonon participation rates 
(PPR). Without the lattice dynamics calculations, the PPR can be 
calculated directly by phonon density of states (PDOS) results from MD 
simulations, which can implicitly include anharmonic scattering of all 
orders: 

PPR(ω) = 1
N

( ∑
iPDOS2

i (ω)
)2

∑
iPDOS4

i (ω)
(2)  

where N is the total number of atoms involved in the calculation, and 
PDOS can be obtained based on the velocity auto-correlation function of 
the atoms in different directions: 

PDOSiα(ω) =

∫ +∞

− ∞
〈viα(t)viα(0)〉e− 2πiωtdt (α= x, y, z) (3)  

3. Results and discussion 

At cryogenic temperatures, phonon thermal transport in non- 
metallic crystals is affected by a variety of special effects, including 
weakened phonon scattering and reduced heat capacity. From the 
perspective of numerical calculation of thermal conductivity, this spe-
cifically manifests as size effect and quantum effect. At cryogenic tem-
peratures, the phonon energy in crystals is low, the structure is more 
stable, and the phonon-phonon interactions are relatively weak. Under 
the combined influence of these factors, phonons can propagate rela-
tively undisturbed, indicating that they have longer MFP. However, in 
MD simulations, even when periodic boundary conditions are applied, 
systems with insufficient length can disrupt the phonon transport with 
long MFP, leading to an underestimation of thermal conductivity. 

Therefore, the assessment of the size effect is indispensable. Fig. 2(a) 
shows the size effect validation of thermal conductivity for the two 
models at 20 K, which include multiple sets with lengths ranging from 
approximately 30 nm to around 2.3 μm (about a million atoms). Ther-
mal conductivity presented here is after the quantum correction, and 
details about it will be given later. This indicates that the thermal con-
ductivity increases with increasing simulation size and starts to 
converge after the length exceeds 1 μm. 

Based on HNEMD and its spectral heat current (SHC) decomposition 
method [38], Fig. S1 shows that at 20 K, the thermal conductivity 
calculated by classical MD is on the order of 104 Wm− 1K− 1. This sig-
nificant overestimation is attributed to the oversight of the quantum 
effect in classical MD at low temperatures. Therefore, to obtain accurate 
and reasonable results, it is necessary to incorporate the quantum effect 
into consideration and engage in a detailed discussion. 

For crystal materials such as graphene, diamond, and silicon with 
high thermal conductivity, the actual values of their thermal conduc-
tivity (experimental measurements) exhibit an unimodal trend of 
initially increasing and then decreasing with temperature. Near the low 
temperature limit, thermal conductivity essentially follows a cubic 
relationship with temperature, whereas at high temperatures, it exhibits 
an inverse relationship with temperature, as depicted in Fig. 2(b). 
However, the thermal conductivity calculated by MD simulation based 
on classical statistics exhibits a monotonically changing trend with 
temperature. At cryogenic temperatures, it exhibits a notable discrep-
ancy, resulting in a significant overestimation of thermal conductivity. 
As the temperature rises to the intermediate range, typically in prox-
imity to RT, the thermal conductivity in classical MD is slightly under-
estimated. This phenomenon can be attributed to the fact that classical 
MD not only overestimates the heat capacity, but also overestimates 
certain phonon-phonon scattering events, thus underestimating certain 
mean free paths [26]. At low temperatures, phonon scattering from 
defects, isotopes, and boundaries is dominant instead of phonon-phonon 
scattering. The interplay between these two effects is 
temperature-dependent: at cryogenic temperatures, the predominant 
overestimation is in heat capacity; as the temperature approaches RT, 
the overestimation of heat capacity becomes less pronounced, while the 
overestimation of phonon-phonon scattering takes precedence; and at 
high temperatures, classical MD provides a relatively accurate assess-
ment of thermal conductivity. 

More specifically, the phonon gas model indicates the heat capacity 
is a key indicator that determines the phonon thermal conductivity. In 
the energy equipartition theorem used by classical MD, the average 
energy of any degree of freedom of the equilibrium system is equal, and 
the modal heat capacity is a constant Cc = kB, where kB is the Boltzmann 
constant. In Bose-Einstein statistics that takes into account of quantum 
effects, the average number of phonons n at frequency ω is n =

(eℏω/kBT − 1)− 1, where ℏ is reduced Planck constant. The quantum 
modal heat capacity is Cq = ℏω ⋅ ∂n/∂T. Defining x = ℏω/kBT, we have 
the quantum-to-classical ratio for heat capacity: 

α =
Cq

Cc
=

x2ex

(ex − 1)2, (4) 

as shown in Fig. 2(c) for selected temperatures. In the case of high 
temperature, i.e. kBT ≫ ℏω, the harmonic oscillators are in highly 
excited states, with the energy of these states much greater than the 
quantum step. In this scenario, the quantum nature of the phonon 
vibrational spectrum becomes less significant, almost equivalent to the 
results described by classical theory. However, at low temperatures, i.e. 
kBT ≪ ℏω, only those lattice waves with ω < kBT/ℏ can be excited and 
therefore can contribute to the heat capacity. Lattice waves with fre-
quencies higher than kBT/ℏ have been “frozen down” and do not 
contribute to the heat capacity. Furthermore, the mode-to-mode quan-
tum correction results of SHC can be obtained by multiplying the SHC 
results of classical MD by the quantum correction factor α at the 
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corresponding frequency. The effectiveness of this quantum correction 
method for current isotope doping systems stems from the fact that the 
phonon could be considered harmonic at cryogenic temperatures, and 
isotope scattering predominates instead of phonon-phonon scattering 
[26]. 

Fig. 2(d) illustrates the spectral thermal conductivity results of the 
Golomb ruler-based and equidistant interface structures at 20 K. The 
depiction includes the decomposition results of in-plane and out-of- 
plane contributions, along with a comparison before and after quan-
tum correction. From the quantum-corrected spectral thermal conduc-
tivity in Fig. 2(e), the thermal conductivity of equidistant interface 
graphene (1508 ± 90 Wm− 1K− 1) is about 32 % higher than that of the 
Golomb ruler-based one (1092 ± 72 Wm− 1K− 1). And this gap is almost 
entirely due to out-of-plane low-frequency phonons. The detailed 
contribution percentage to thermal conductivity of different phonon 
frequencies are also characterized in Fig. S2. 

Furthermore, based on other common mathematical sequences, 
including Fibonacci [45], Graded [46], Thue-Morse [47], and 
Double-Period [47] sequences, four graphene structures containing 
isotope interfaces were constructed, as shown in Fig. S3. Among them, 
Thue-Morse and Double-Period sequences are two types of 
quasi-periodic sequences, which are obtained from binary sequences 
through specific iterative inflation. During the model construction, due 
to the inherent differences in the sequences, it is impossible to guarantee 

that the interface density and isotope doping ratio between structures 
are exactly the same, but they should be made as close as possible to 
ensure good comparability among them. As shown in Fig. 2(f), at 20 K, 
the Golomb ruler-based interface structure has the lowest thermal con-
ductivity, achieving the strongest suppression of phonon thermal 
transport. 

In Fig. 3(a), the quantum-corrected thermal conductivity variations 
with the interface density are plotted for Golomb ruler-based and 
equidistant interface graphene at 20 K. Before proceeding further with 
the analysis of the data, we should clarify that all models with different 
interface densities have the same isotope doping ratio. Within the cur-
rent range of interface density and considering the range of statistical 
errors, the thermal conductivity of both appears to be unaffected by 
changes in interface density. At such a cryogenic temperature, the 
phonon MFP is extremely large, making the aforementioned interface 
density changes insufficient to exert a substantial influence on phonon 
thermal transport. 

The results at 300 K are depicted in Fig. 3(b) and are presented 
without quantum correction. As mentioned above, the overestimation of 
the heat capacity at RT by classical MD is not significant, and the 
correction may prove counterproductive. Chen et al. [30] measured the 
thermal conductivity of graphene with a 13C doping ratio of 1.1 % by the 
micro-Raman spectrometer near RT and the result was 2600 ± 658 
Wm− 1K− 1, which is in good agreement with our results. Fig. 3(b) 

Fig. 2. Size effect and quantum effect of the thermal conductivity. (a) Quantum-corrected thermal conductivities change with system length at 20 K. (b) Schematic 
illustration of the relationship between thermal conductivity and temperature based on different methods. (c) Quantum correction coefficients at different tem-
peratures. (d) Spectral thermal conductivity before and after quantum correction, where the shading is the standard error obtained from five independent simu-
lations. (e) Quantum-corrected spectral thermal conductivity and its in-and-out-of-plane decomposition. (f) Comparison of thermal conductivity of graphene with 
different sequence isotopic interfaces at 20 K. 

X. Wu et al.                                                                                                                                                                                                                                      



Materials Today Physics 46 (2024) 101500

5

indicates that with an increase in the interface density, the thermal 
conductivity of the equidistant interface structure exhibits an initial 
decrease followed by an increase. This trend aligns with the observed 
behavior of the phonon transport coherence transition in previous 
studies [48–50]. In contrast, the thermal conductivity of the Golomb 
ruler-based structure exhibits a consistently decreasing trend with 
increasing interface density. This implies that phonon transport no 
longer undergoes a transition from incoherence to coherence; instead, 
coherence disappears and the thermal conductivity consistently de-
creases with the increase of the interface density. In particular, when the 
isotope doping ratio reaches 50 %, the equidistant interface graphene 
turns into a 12C/13C lateral superlattice, as illustrated in Fig. S4. Results 
in Fig. 3(b) further indicate a distinct coherence transition feature in its 
phonon transport characteristics. 

In addition, Fig. 3(c) illustrates the correlation between the isotope 
doping ratio and the thermal conductivity at 20 K. One should note that 
here the premise for discussing the doping rate is that the isotope 
interface exists and satisfies two sequence arrangements, which deter-
mine its lower limitation. It is also confined under 8 %, attributed to the 
constraints imposed by the minimum unit length of the Golomb ruler- 
based structure, as depicted in Fig. S4. Similar to the interface density, 
within the statistical margin of error, the doping ratio does not exert a 
significant influence on thermal conductivity. Fig. 3(d) plots the quan-
tum corrected thermal conductivity and the difference between the 
Golomb ruler and the equidistant interface structure at different tem-
peratures. The quantum-corrected thermal conductivity results from MD 
simulations here show a trend consistent with the experimental values as 
a function of temperature, as depicted in Fig. 2(b). Importantly, the 
significant gap between the two only exists under the cryogenic tem-
perature of 20 K. Compared to other temperatures, at a cryogenic tem-
perature of 20 K, the phonon energies are lower, and their energy levels 
become more dispersed, making it more sensitive to scattering caused by 
isotope interfaces. This temperature sensitivity offers flexibility for 
optimizing material properties in practical applications, providing sig-
nificant implications for performance modulation across a broad tem-
perature range. 

To explore the cause of the difference above between the Golomb 

ruler-based interface graphene and the equidistant one, we performed 
additional phonon analyses. According to the phonon gas model, the 
phonon MFP denotes the average distance that phonons can traverse 
without scattering or encountering collisions as they propagate within a 
crystal structure. It is significant as it serves as a crucial indicator that 
influences the phonon thermal conductivity of a material. Fig. 4(a) il-
lustrates the frequency-dependent phonon MFP for both the Golomb 
ruler-based interface structure and the equidistant one, along with their 
respective in-plane and out-of-plane contributions. Furthermore, Fig. S6 
shows the results obtained by using the SHC method based on NEMD 
within the ballistic region. 

The findings indicate a notable contrast in the phonon MFP between 
these two structures, particularly within the low-frequency regime, 
primarily spanning from 0 to 6 THz. Furthermore, the in-and-out-of- 
plane phonon contributions decomposition [51] reveals nearly iden-
tical in-plane phonon contributions for both structures. The observed 
distinction predominantly arises from the different contributions from 
out-of-plane phonons, which is also consistent with the results in Fig. 2 
(d). In addition, Fig. 4(b) plots the size convergence of the 
quantum-corrected thermal conductivity of the two structures at 20 K, 
where the results are in good agreement with that of NEMD at the cor-
responding sizes. Due to the long phonon MFP at cryogenic tempera-
tures, the thermal conductivity convergence is achieved near 
sub-millimeter lengths. The κ(L) on the vertical axis represents the 
thermal conductivity of a finite-length system, as derived from the 
NEMD method. It should be noted that it is not directly comparable to 
the length obtained from the HNEMD method as depicted in Fig. 2(a) 
since the latter one is under the periodic boundary condition. 

The phonon participation ratio (PPR) results in Fig. 4(c) show that no 
phonon localization at the low-frequency part which dominates thermal 
transport in these two systems. Furthermore, the phonon dispersion for 
both structures was calculated to analyze the influence of interfaces at 
different positions on the phonon scattering process, as depicted in Fig. 4 
(d). The phonon dispersion curves show a dense distribution with a 
generally similar overall shape. However, distinctions are observed in 
their optical phonon branches. In comparison to the equidistant inter-
face structure, the optical phonon branch of the Golomb ruler-based one 

Fig. 3. Temperature effect and influence of structural parameters of equidistant and Golomb ruler structures. (a) Effect of interface density on their quantum- 
corrected thermal conductivities. (b) At room temperature, changes in interface density led to shifts in phonon transport coherence. And the subfigure is a result 
of the 12C/13C superlattice. (c) Effect of doping ratios on their quantum-corrected thermal conductivities. (d) Their quantum-correction thermal conductivities and 
differences at different temperatures. 
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experiences a downward shift. This shift implies the activation of 
numerous new scattering channels at lower frequencies, such as the 
merging of two acoustic phonons into one optical phonon through a 
three-phonon absorption process [52]. Consequently, the 
lower-frequency optical phonon branch intensifies the scattering of 
acoustic phonons in the Golomb ruler interface structure, thereby 

impeding its phonon thermal transport. 
To obtain more phonon mechanism and visually discern the dispar-

ities in phonon transport between the two structures, we performed 
phonon wave packet simulations and subsequently presented the energy 
evolution results in Fig. 5. Specifically, we generated Gaussian phonon 
wave packets following space-dependent atomic displacement and 

Fig. 4. Phonon analysis of the thermal conductivity difference between equidistant and Golomb ruler structures. (a) Spectral phonon mean free path and their in- 
and-out-of-plane decomposition. (b) Quantum-corrected thermal conductivity and their in-and-out-of-plane decomposition results as a function of length along the 
transport direction. (c) Phonon participation ratio versus phonon frequency. (d) Phonon dispersion curves for them. The one on the right is an enlarged display of the 
low-frequency band on the left. 

Fig. 5. Heatmap of the evolution of the wave-packet kinetic energies during the simulation time along the equidistant and Golomb ruler structures respectively.  
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monitored their propagation trajectories [24,53]: 

uilμ = A0ϵiμλ(k0)eik0(x− x0)e− (x− x0)
2/η2

, (5)  

where A0 represents the amplitude of the wave packet, εiμλ(k0) is the 
polarization vector of the λ branch under the wave vector k0, x0 repre-
sents the center position and η is a parameter controlling the spatial 
extension of the wave packet. One should note that all wave packet 
simulations were performed at temperatures closely approaching 0 K, 
ensuring the system is as free from anharmonic states as possible. 

Initially, a ZA wave packet is excited in the graphene functional re-
gion at the left end, and its progression into the target area is observed. 
Upon reaching the equidistant interface structure, a fraction of the wave 
packet is reflected, while the majority of which traverses through the 
target area, persisting in its onward trajectory. In contrast, when the 
same wave packet encounters the Golomb ruler-based interface struc-
ture, a significant portion undergoes reflection, and only a minimal 
fraction of the wave packets enter the target area. Moreover, the wave 
packets entering the target area are also confined within it, rendering 
them incapable of effective transmission. This reveals the pronounced 
obstructive effect of the Golomb ruler sequence interface on wave 
packets, and, consequently, phonon thermal transport. 

4. Conclusions and outlook 

In this work, through MD simulations with spectrum decomposition- 
based quantum correction, we investigated the impact of isotope inter-
face position on phonon thermal transport in graphene nanoribbons. At 
a cryogenic temperature of 20 K, Golomb ruler-based isotope interfaces 
were found to significantly suppress thermal transport compared to 
equidistant ones. Moreover, a notable difference was observed only at 
extremely cryogenic temperatures because the effect may not manifest 
itself at higher phonon energies. Phonon analysis and wave packet 
simulations revealed that stronger coherent phonon scattering and 
confinement effects are fundamental reasons for the reduction in ther-
mal conductivity of graphene with Golomb ruler isotope interfaces. This 
is also manifested in the significant decrease in the MFP of low- 
frequency out-of-plane phonons. 

Future work, built on the theoretical foundations established in this 
study, will incorporate experimental studies to further strengthen un-
derstanding, which aligns with our ongoing research efforts. For sample 
preparation, the innovative work by Whiteway et al. [34], which uti-
lized chemical vapor deposition (CVD) method to synthesize isotopic 
lateral heterostructures, will serve as a significant source of inspiration. 
And the time-domain thermoreflectance (TDTR) method would be a 
promising choice for measuring the thermal conductivity of this system 
[17]. In short, with graphene as the carrier, our theoretical exploration 
of the Golomb ruler sequence revealed significant thermal transport 
suppression, which has enlightening implications for the future design of 
systems with structural disordering across different fields. 
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